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Reducing Minimum Time for
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Introduction

NPUT commands for slewing a flexible body in minimum time

are often preshaped to suppress residual vibration after slewing.
The procedureis to convolve the bang-bang command for minimum
time slew for a rigid body with a three impulse sequence' designed
to suppress the vibration of the actual, flexible body. The resulting
slew extends the rigid-body minimum time by the period of vibra-
tion. A method of input shaping that does not extend the rigid-body
minimum time has recently been proposed? and it does so by in-
creasing the torque level so as to reduce the rigid-body minimum
time by the period of vibration. In the case of rapid slewing of a rela-
tively softflexiblebody througha small angle, it may happen thatthe
vibration period is longer than the rigid-body minimum time, and
then this method becomes inapplicable. This Note shows two exact
methods to reduce the minimum time for rest-to-rest small-angle
slewing in such situations. The first method is new and consists of
scaling the torque following convolution,and the second method is
similar to those in Refs. 3-5, except that it does not require using
an optimization code. The methods are robust and illustrated with
systems having one or two vibrationmodes to suppress. Application
of the methods may be as diverse as in disk drive positioning and
spacecraft precision slewing.

Scaling of Convolved Torque
Consider first a system, with one vibrationmode to suppress, rep-
resented by two rigid rotors of inertia J,, J, connectedby a massless
elastic shaft of stiffness K. Let J, =1.0, J, =0.1 kg-m?, and K =
4.3426 N-m/rad, so that the time period of vibrationis 10 s. Min-
imum time bang-bang control for a rigid body is described by the
torque time function,

T = Tmaxa 0 <t = tmin/z
= _Tmaxa tmin/z <t = tmin
= Oa > tmin (1)
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where the minimum time for slewing to an angle 6 is given by
tmin = 2 ‘116/'/Tmax (2)

For 6 = 1 deg and the total rigid-bodyinertiain thiscase J, = 1.1,
the minimum time is 8 s for a maximum torque 7;,,, = 0.0012 N-m.
This is a case where the rigid-body slewing time is less than the
vibration period. Input shaping to suppress the vibration that would
be generated by the bang-bangtorque consistsin doinga convolution
of the time function of Eq. (1) with the three impulse sequence time
function givenin Table 1, where the function values are zero except
at the indicated time points.

This convolutionis symbolically represented as follows:

T =1,F 3)

The top plotin Fig. 1 shows the resultof the convolvedtorque in this
numerical case. The key point to note is that the maximum torque
used is less than the available maximum torque. In fact, it can be
shown that the torque used is less than the available maximum when-
ever the period of vibration to be suppressedis greater than half the
minimum time for a rigid body. This suggests the idea that a new
solution can be sought by scaling up the original maximum torque,
thereby reducing the rigid-body minimum time so that after convo-
lution with the three impulse sequencethe actual required maximum
torque equals the available maximum torque. The factor by which
the maximum torque has to be scaled up depends on the result of the
convolution. The torque factor (available torque/maximum torque
after convolution) is two in this case, and the result of the scaled and
convolved torque is shown as the middle plot in Fig. 1. The corre-
sponding time plots of the slew angle in the two cases of unscaled
and scaled torques are shown in the bottom plot of Fig. 1. Itis seen
that scaling the torque has reduced the minimum time.

Although simple linear scaling works if only one mode shapingis
involved, this does not work for multimode vibration suppression.
To see this, considera three-degree-of-freedom system of three rigid
bodies connected by two mass-less elastic beams. The bodies are
of moments of inertia J,, J,, and J3, and the beams are of bending
stiffnesses K| and K,. The system is undergoing planar slewing

Table1 Function F; representing
three impulse sequence for
vibration of period T;
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Fig. 1 Scale factored convolution torques and the slewing-angle re-
sponse for one-mode shaping.
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with torque T acting on the body of inertia J,. The equations of
motion of the flexible body system in modal form are

Jrg, =T, G +2001G1 + wijqr = ¢ T

G +25w,4, + 0)542 =@ T 4)
and the slew angle 6, of the first body is
0 =q, + 191 + P2q2 (5)

Here J7 is the total inertia of the system; g, is the rigid-body mode
coordinate;q; and g, are the two elastic mode coordinates; ¢, ¢, are
the modal damping factors; and w;, w, are the natural frequencies
obtained from the characteristicequation:

4 kl k2 kl JZ 2

w |:Jl+12(l+k2+13>i|0)+
For a specific example, numerical values of Ji=J,=J/;3=
15441 kg-m2 and values of K;=2661.6 and K, =30498.8 in
N-m/rad are chosen to yield natural frequencies of 0.08 Hz and
0.32 Hz. Using a total inertia of J; 4+ J, 4+ J3 and assuming a max-
imum available torque of 0.28 N, the minimum time for slewing
through a small angle of 20 arc-seconds can be computed from
Eq. (2) as 19.62 s. With the standard method of convolution of
the bang-bang command with the three impulse sequence for two
modes, the total slewing time is the sum of the minimum time and
the two vibration periods, giving a total slewing time of 35.245 s in
this case. Denoting by F| and F, the two sets of three impulse func-
tions of Table 1 correspondingto vibrationsof periods 77 and 75, the
combined convolution of the functions 7, and these two functions
can be symbolically represented as

ky ky Jr

= 6
111213 ()

T =1 (F'F) @)

The top plotin Fig. 2 shows the resultof doing this convolutionas per
Eq. (7) using the parameters of the two-mode illustrative problem.
It is seen that convolved torque produced by Eq. (7) is far more
complex in shape than the simple bang-bang torque of Eq. (1). The
torque goes to zero at 35.245 s as expected, but the interesting fact
is that the maximum value of the convolvedtorque,0.21 N-m, is less
than the available maximum 7},,, =0.28 N. Again, the convolved
torque command does not utilize the available maximum torque.
Using the factorof 1.333, whichis the ratio of the available torque to
the maximum value of the convolvedtorque, one obtains the middle
plotin Fig. 2. Itis seen that the convolved maximum torque does not
linearly scale to reach the availablemaximum. This suggeststhe use
of scaling up the nominal bang-bang torque by an unknown factor
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Fig.2 Scale factored minimum time torque convolved with two-mode
shaper.
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o so that after convolution maximum torque equals the available
torque:

0=t < twin/ (2Vax)
fmin [ (28@) < 1 < tyinn/ar
=0, NN ®)
where £,y is given by Eq. (2) as before. Now one solves the equation,
max([ 7 (@)" (F; F2)] = Tnax ©)

One has to solve the nonlinear equation, Eq. (9), in principle only;
in practice this is done by trial and error use of Eq. (9) with a
few iterations. Figure 2 shows progressively the behavior of the
convolvedtorque, with the factor « = 2 realizing the case of required
maximum torque matching available torque. The slewing maneuver
is over in 29.82 s. The modest 15% reduction in time from the
unscaled shaped input, corresponding to factor = 1 in Fig. 2, is
caused by the fact that the original convolution uses the maximum
torque only for a very small fraction of the total time. Reducing the
minimum time even further for multimode vibration suppressionis
the objective of the next section.

Tp (O{) = C(Tmaxa

= _C(Tmaxa

Bang-Bang Control

It is well known from Pontryagin’s maximum principle that min-
imum time control, with control T appearinglinearly in the dynam-
ical equations,is a bang-bang torque in time, and the unknowns are
the number and instants of switching times. A multiple bang-bang
pulse can be looked upon as a convolution of a step function with
multiple impulses of strength A; occurring at times #;. For a nor-
malized step of unity, this specifies the use of the Table 2 of timed
impulses.

Taking f; to be zero, without loss of generality, this presents n
unknown switching times. For a solution to exist, 7 must be greater
than or equal to the number of governing equations.

The conditionsof zeroresidual vibrationin the mode of frequency
w; (j =1, 2) with the use of the impulse-time data of Table 2 yield
the following equations:

2> (=) sineyt +sinwyt, . =0,....j = 1,2 (10)

i=2
14+2) (=) "' coswjt; +cosw 1 = 0,.... j = 1,2 (11)
i=2

Insensitivity to frequency modeling error! gives rise to

2 (=1 T sineyt g sine;fy =0, j=1,2 (12)

i=2
23 (=1 T cos @yt g cosw 4 =0,..., j=1,2 (13)
i=2

Terminal conditions for slewing to a desired angle 6, for colocated
measurement are

0,(t;) =0y (14)
0,(t;) =0 (15)
Table 2 Impulse strength

and switching times for
bang-bang control

t; A;
n 1
1% -2
13 2
14 -2
ty -2
it 1
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Table3 Switching times and
impulse for bang-bang control
with two mode suppression

Time Amplitude
0 1
3.8689 -2
4.6629 2
6.3546 -2
6.9040 2
11.2638 -2
15.8141 2
16.9831 -2
21.1091 2
21.6511 -2
23.2629 1
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Fig. 3 Bang-bang torque and slew-angle responses caused by it and
the convolved torque of Fig. 2 with factor = 2.

Equations (10-15) constitute 10 equations in 10 unknowns, which
can be exactly solved No optimization problem needs to be solved.
Unlike Refs. 3-5, which obtained solutions that minimize the final
time by numerical optimization, a nonlinear equation solver’ was
used in this paper to solve Egs. (10-15). Minimality of the solution
is realized here by creeping up on the time axis for a first, feasible
solution.

Both nonlinear equations solvers and optimization codes require
good initial guesses to converge locally. The solution process con-
sists in using exact solutions for the linear differential equations,
Egs. (4), to set up Egs. (14) and (15) via Eq. (5). The switching
times, obtained from a symbol manipulation code’ based on the
theory in Ref. 6 for the numerical parameters of this example, are
in Table 3.

The top plotof Fig. 3 shows the torque pulse time history obtained
by convolution of a step function with the impulse train of Table 3.
The bottomplotin Fig. 3 compares the slewing-angleresponse given
by the scaled convolved torque and the bang-bang torque. It is seen
that bang-bangtorque gives the greater reductionin the time of slew
than the scaled convolution torque, whereas the scaled convolution
torque induces less transient vibration.

Robustness

Robustness of both the scaled convolution and the bang-bang
solutions to errors in modeling frequency and damping rests on the
basic robustness property typified by Egs. (12) and (13) of the input
shaping process.! Figure 4 demonstrates for the two methods the
results of applying a shaped torque designed for a nominal system
to a system with different frequency and damping. Referring to
Eq. (4), the natural frequency in two modes were increased by 10%
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Fig. 4 Robustness results for scaled convolution solution and bang-

bang solution (——, nominal; - - - -, application to model with frequency
raised 10% ;and -----,nominal plus 1% damping,indistinguishablefrom
nominal solutions).

fromthe nominaland zero dampingis assumed; to examine damping
robustness,damping was taken to be 1% with nominal frequencies.

The results show frequency robustness of the solutions, with the
scaledconvolutionmethod more robustthan the bang-bangsolution.
In both cases the effect of adding damping is hardly distinguishable
from the nominal solutions. Apparently, inherent modal damping
does not change the results.

Conclusions

Two exact methods are given for reducing the minimum time for
small-angle slewing of a flexible body when the period of vibration
to be suppressed is greater than the minimum time for rigid-body
slewing. One method requires only a scaling of the torque, the scale
factor depending on the maximum level of the torque used in the
process of convolutionof the rigid-body minimum time torque with
the three impulse sequence. The method is simple and requires only
scaling of a convolution.For multimode vibration suppressiona few
iterations are required for determining the scale factor that realizes
the use of the maximum available torque. The second method re-
quires solving as many nonlinearequationsas the number of switch-
ing times. This method is applicableirrespectiveof the separationof
slew time and the period of vibration. The bang-bang solution gives
the faster slewing time, whereas the scaled convolution method in-
duces less transient vibrationsuppression.Robustness of both meth-
ods is shown with an example of two-mode vibration suppression
following slewing.
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I. Introduction

INIMUM time solution of classes of linear and nonlinear
dynamic systems with bounded inputs is well known to be
bang-bang, that is, the optimal inputs switch between minimum
and maximum values.' ™ Structures of their solution are well doc-
umented in the literature. Mayer problems for classes of feedback
linearizablenonlinearsystems with mixed inputand state constraints
also have special structures: At least one constraintis always on the
boundary:* This resultis a generalizationof the classical bang-bang
result for linear systems.
In this paper, we consider Bolza optimal control problems where
the dynamic systems are given by

X =fx)+gx)u 1)

where x € R" are the states, u(t) € R™ are the controls, and the
matrix g(x) consists of smooth vector fields g;(x), ..., g, (x). The
objectiveis to

ty
minimize J = ®[x(/), t/] + / F(x,u)dt 2)

fo

where 7 € [fy, f;] denotesthe time. The scalar functions ®[x (¢,), 7]
and F'(x, u) havecontinuousfirstand second partial derivativeswith
respectto theirarguments. The inequality constraintsare s (x, u) <0
and c¢(x) <0. The terminal states satisfy y[x (%), x(t;)] =0 with
o® /o, #0.

A Mayer optimal control problem does not have an explicitinte-
gralin its cost: This is a major difference between Bolza and Mayer
optimal control problems. As is well known, every Bolza problem
can be converted to a Mayer problem through the following two
steps: An auxiliary state x, 4 | is added to Eq. (1) with the dynamics
X, 11 = F(x, u), thereby, modifying the state equations to

X =f(x)+g(x)u, Xpq1 = F(x,u) (3)

The costin Eq. (2) can now be rewritten as
minimize J = ®[x(t), 1] + x, 41 (t) “)

with x,, , | (fy) =0. In this new form of the problem, the inequality
constraints and boundary constraints do not change.

As outlined in Ref. 4, special structures are present in the op-
timal solution of a Mayer problem if the governing system dy-
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namics are feedback linearizable, that is, diffeomorphic to chains
of integrators. Such structures will also be present in the solution
of a Bolza problem if the set of Egs. (3) is feedback linearizable.
This motivates the statement of the problem discussed in this Note:
given the state Egs. (1) and the integrand F (x, u) in Eq. (2), what
forms of F(x, u) will make the augmented state Egs. (3) feedback
linearizable?

The organization of this Note is as follows: Section II derives
the necessary conditions for Egs. (3) to be feedback linearizable.
Consistent with these necessary conditions, linear and quadratic
forms of F(x,u) are studied in detail in Secs. III and IV, re-
spectively. The results of this paper are illustrated by an example
in Sec. V.

II. Conditions on F(x, u)
A. Background Results

Definition 1: A system x = f(x,u), x€R", ueR" is said
to be differentially flat if there exists y € R™ dependent on x,
u, and their derivatives up to a finite order such that x and u
can be written as functions of y and its derivatives up to a finite
order.

Flat systems are dynamic feedback linearizable’® Necessary
and sufficient conditions do not exist that guarantee a general
system to be flat. However, there are results for special classes
of systems. For example, flatness is equivalent to controllabil-
ity for linear systems. Other systems that are known to be flat
are static feedback linearizable systems, which are characterized
as follows’$:

Theorem 1: A control affine system

E=f0)+ Y gou

i=1

is static feedback linearizable if and only if the following distribu-
tions are constant rank and involutive:

DU = <g1»---»gm)
D; = (D[—l» “dj-gl, cees adj'é’m)»

and D, _, spans R".

Proposition 1: A single-input system is dynamic feedback lin-
earizable if and only if it is static feedback linearizable. The proof
can be found in several papers and textbooks, for example, Refs. 6
and 9.

Proposition 2: A necessary condition for a system

x=fx,u),

xn-%—l =F(X,M) (6)

ueR" 5)

to be dynamic feedback linearizable is that Eq. (5) be dynamic
feedback linearizable.
Proof: A dynamic compensator for Eq. (5) is

z=a(x,z,v), u=>b(x,z,v) 7)

Therefore, if

2= X,up1, F(x,u)=a(x,z,v), u=v

we can view Eq. (6) to be a dynamic compensatorfor Eq. (5). Then,
the dynamic feedback linearizability of Egs. (5) and (6) implies dy-
namic feedbacklinearizability of Eq. (5). Thatis, Eq. (5) is dynamic
feedback linearizable. a

Corollary 1: If Eq. (5) is restricted to a single input and the over-
all system is dynamic feedback linearizable, then Eq. (5) is static
feedback linearizable.

Proof: 1t is clear from the preceding propositionand equivalence
between static and dynamic feedback linearization for single-input
systems.

Corollary 2: If Egs. (5) and (6) are linear and the overall system
is controllable, then Eq. (5) is controllable.



